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Abstract—Methods involving energy-decay inequalities are applied to the axisymmetric end problem for a
circular elastic cylinder. Explicit lower bounds in terms of Poisson’s ratio are obtained for the rate of exponential
decay of stresses, and these are compared with results of other authors.

1. INTRODUCTION

SEVERAL recent papers have examined questions connected with Saint-Venant’s principle
for elastic solids in an effort to establish the exponential decay of stresses away from a
portion of the boundary which is subject to self-equilibrated surface tractions. Thus
in [1], Toupin proved that a self-equilibrated load on one end of an elastic, anisotropic
cylinder of arbitrary cross-section produces a state of deformation in which the strain
energy stored beyond a distance z from the loaded end decays exponentially with z. He
further showed that the stresses at interior points in such a cylinder also obey such an
exponential law. The restriction of this latter result to strictly interior points was removed
by Roseman [2], who obtained pointwise estimates valid up to the lateral surface of the
cylinder.

In the linear theory of plane strain for isotropic elastic solids, Knowles [3] established
the exponential decay of strain energy away from a portion of the boundary carrying a
self-equilibrated load for a general class of domains. Stress estimates were given for interior
points.

The decay of strain energy and stresses was examined by Knowles and Sternberg [4]
for the problem of axisymmetric torsion of isotropic elastic solids of revolution.

The effect of self-equilibrated loads in nonlinear elasticity has been considered recently
by Roseman [5].

In the investigation [3] pertaining to plane strain, a single explicit decay constant,
valid for all domains of the type considered, was obtained. For axisymmetric torsion,
the results of [4] provide the rate of decay in terms of the root of an explicit transcendental
equation. In the more complicated case of the arbitrary cylinder as considered by Toupin
in [1], the decay constant is characterized in such a way that its explicit estimation appears
to be prohibitively difficult, even for the case of an isotropic circular cylinder.

While the arguments presented in [1], [3] and [4] all rely on energy-decay inequalities,
they differ in many important details. The present paper has as its main purpose the
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determination of an energy-decay inequality for an isotropic circular cylinder of finite
length in the presence of axisymmetry by an argument closely parallel to that used for the
plane case in [3]. For such a cylinder, subject on one end to a torsionless axisymmetric
self-equilibrated load, we prove that the strain energy decays exponentially away from the
loaded end, and we determine a decay constant explicitly. Numerical values of this constant,
which provides a lower bound for the actual rate of decay, are given for various values of
Poisson’s ratio and compared with decay constants obtained for this problem by other
authors using approximate methods which could not be expected to generalize to other
geometries [6, 7).

In the following section we state the boundary value problem to be considered in
terms of stresses and displacements referred to cylindrical coordinates. In order to adapt
the procedure used in [3] to the present case, it is helpful to reformulate the problem in
terms of a pair of stress functions. This reformulation is described in Sections 3 and 4.
Properties of the strain energy and of a related function which are required in our analysis
are derived in Sections 5 and 6. The derivation of the exponential decay inequality for the
strain energy is given in Section 7. Pointwise estimates for the stresses are described briefly
in Section 8, and in Section 9 we discuss the decay constant furnished by our procedure
and compare it with results of other authors.

2. THE BOUNDARY VALUE PROBLEM

We consider a circular cylinder of radius a and length /, and we use the natural cylindrical
coordinates r, 6, z. For torsionless axisymmetric deformations of such a cylinder, the non-
vanishing components of the displacement vector u, the strain tensor e and the stress
tensor t are respectively denoted by u,, u, ; e,,, €gg, €., €,. ;and t,,, Tgq, 1., T,,. The interior
of the cylinder is designated by #; a fixed meridional cross-section for which 0 < r < a,
0 < z < lis denoted by 4.

Under the assumed condition of axisymmetry and in the absence of body forces, the
field equations of linear elasticity for an isotropic homogeneous material may be written
as follows.

Equilibrium equations :

01, 01,
r@r +rﬁr +17,—Tgp =0, (2.1)
0t 0t
rz zZz — 0' 2.2
rar +raz +1,, (2.2)
Stress—strain relations :
T = 2# €y +_o— err+ eOO+ €, > (23)
| 1-20 ]
_ ’ _
Top = 21| oo+ ———| e tegete| |, (24)
| 1-2¢ i
_ . _
Tz = 2/1 _ezz+1—_“§; err+e09+ezz J s (25)

Tar = Ty = He)s. (2.6)
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Strain-displacement relations :

du
=" 2.7
err ar ( )
regy = U,, (2.8)
du
.= —= 29
e = o 29)
ou, Ou
= z 2.10
erz az ar ( )

We assume that the shear modulus g and Poisson’s ratio o satisfy the inequalities p > 0,
—l<o<i.
The boundary conditions to accompany the field equations listed above are as follows :

r=a: 1,.(a,z) = 1,(a,z) = 0, O0<z<; (2.11)
z=0: (0 =/fF) Tl0=g0r) 0<r<a; (212)
z=1: D) =1, ) =0, 0<r<a (2.13)

The conditions imposed at z = 0 correspond to prescribed axisymmetric normal and
shear tractions. A necessary condition for the existence of an equilibrium state in the
cylinder is the vanishing of the total axial force:

2nfuﬂﬂdr=0. (2.14)
0

The given functions f and g are assumed to be continuously differentiable on [0, a].

We seck a displacement field u which is twice continuously differentiable on the closed
meridional cross section .#, stress and strain fields t, e which are continuously differ-
entiable on .#, and the governing equations (2.1) to (2.10) are required to hold on .#.

There are three necessary conditions for the existence of displacements, stresses and
strains satisfying (2.1}2.13) which will be of importance in the subsequent development.
First, it follows from (2.2) and the assumed smoothness of the stress field that

T,(r,z2) =0(r) asr—-0, 0<:z<lI (2.15)
uniformly in z. Similarly, we conclude from (2.8) that the radial displacement satisfies

u(r,z) = 0(r) asr—0, 0<:z<|, (2.16)

uniformly in z. Finally, it follows from the second of (2.12), the first of (2.11), and the
symmetry and continuity of T on .#, that

gla) = 0. (2.17)
From (2.15) and the second of (2.12) it further follows that
g(r)=0(r) asr—0. (2.18)

It is assumed that the given functions f and g satisfy (2.14), (2.17) and (2.18).
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Any two solutions of the boundary-value problem posed above differ at most by an
axisymmetric rigid body displacement.

3. STRESS FUNCTIONS

In the course of deriving expressions for stresses and displacements in terms of a
single biharmonic function in the presence of axisymmetry, Love [8] shows that u, and
u, can be represented in the form

1 1
P Q. 4 , — Q, ) X
u, 2/1( y @) U, 2!‘( ¢2) (3.1

where the subscripts r and z on Q and ¢ indicate partial derivaties,T and where  and ¢
satisfy the differential equations

1
VIQ =0, +-0,40., =0, (3.2)

(1—0)V2 = Q.. (3.3)

For our purposes it is convenient to introduce the function y which is conjugate to & in
the sense that

er = Xrs rQr = ~Xz» (34)

r XZ rrs z 2 X' 275 >

The stresses following from (3.5) and (2.3) through (2.10) are easily computed. They are
given by

r’t, =1’ +ro,— ¥, (3.6)
r’tee = 0r%@,,+or*e,, — (1 —o)re,+ 1., (3.7
Ity = (re,), (3.8)
Ty = = Prse (39

The representations (3.8) and (3.9) are closely analogous to corresponding formulas in
terms of Airy’s stress function in plane elasticity, and it is mainly this analogy which
makes it possible to adapt the procedure used in [3].

A virtual retracing of the steps of Love’s argument establishes the following statement.
A solution u, e, 1t of the field equations (2.1)«2.10), with the smoothness properties stated
in the preceding section, exists if and only if there exist functions ¢ and y, three times

1 In the sequel, partial differentiation of all functions except stresses, strains and displacements will be indicated
by subscripts.
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continuously differentiable on .#, satisfying the differential equations
(l—a)rVZ(P = Xrz» (310)
rer—'Xr+erz =0 (311)

on the closed meridional sectiont ..
If ¢ and y are chosen in the special form

@ = a+plogr+yz, x = Bz+5+nr?, (3.12)

where a, f, y, J, # are constants, it may be verified through (3.6)3.9) that the correspond-
ing stresses vanish identically, and that (3.10) and (3.11) are satisfied. It follows that the
special choice (3.12) of ¢ and y corresponds to a rigid body displacement. Conversely, it is
easily shown that (3.12) represents the most general axisymmetric rigid body displacement.

4. THE BOUNDARY VALUE PROBLEM FOR ¢, x

If the stresses given in terms of ¢ and yx by (3.6) through (3.9) are to satisfy the boundary
conditions (2.11) through (2.13), then ¢ and y must satisfy the following boundary condi-
tions.

r=a: ®.; =0, 0<z<, 4.1)

r=a: a’e,+ap,—y, =0, 0<zx<l 4.2)

z=1: ¢, =0, 0<r<a, 4.3)

z=1: (re,), =0, 0<r<a 4.4)

z=0: 0,=—g, 0<r<a, 4.5)

z=0: (ro,), = rf, 0<r<a (4.6)

The order conditions (2.15) and (2.16), together with (3.9) and (3.5) require

@, =0(r) asr—0, 4.7a)

t:—re, = O(r?) asr—0, (4.7b)

uniformlyinz,0 < z < L
It follows from (4.1) that

¢la,z) =cyq, 0<z<l 4.8)
and hence from (4.2) and (4.8) that
a’p,a, z)—xla,z) = —ac,z+c,, 0<zx<l (4.9)
where ¢, and ¢, are constants. From (4.3) and (4.4)
@, ) = c;, O0<r<a, (4.10)
rolr,l) = c,, 0<r<a, 4.11)

t It has been pointed out to us by E. Sternberg that the representation (3.5) in terms of potentials ¥ and ¢ can
be derived from Boussinesq’s solution for axisymmetric problems. (See [9] for a discussion of the latter.) It is
possible to apply the representation (3.5) for axisymmetric bodies of more general shape than the circular cylinder
being considered here.
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where ¢, and ¢, are constants. Equations (4.5), (4.6) imply

0r,0) = —f goydptcs, O<r<a, (4.12)
0

rodr.0) = f of(o)dp+ce, O<r<a; (4.13)
0

¢s and ¢g are constants. Integrating the uniform order condition (4.7a) with respect to z
from z to |, and using (4.11), we find that

0r.2) = 2+0() asr—0, @.14)

uniformly for0 < z < L

For continuity of ¢, at r = g, z = [, it is necessary that ¢, = ac,. In view of (2.14),
{4.8) and (4.13), it is further necessary that ¢, = ac, to assure the continuity of ¢, at r = a,
z = (.

In order to show that the constants of integration introduced above are inessential,

we introduce @ and 7 through
@ = @¢+ac,logr+c,z,
! 3 } (4.15)

x = f+ac;z+cyrf —c,y.

In view of (3.12), ¢ and j differ from ¢ and y by terms which correspond to a rigid body
displacement. Equations (4.8)-(4.13) can now be converted to conditions on @, . Recalling
€4 = dC,, Cg = ac,, we have

r=a: ¢, =0, a'p.~7=0, (4.16)
z=1:  $,=0, $ =0, (4.17)
z=10: @, = G{r), &, = F(r), (4.18)
where
G(r) = cs—c3—f g(p) dp, (4.19)
0

1 r
Fo) = [ ofordp 420

o

At the axis, we have from (4.14), (4.15)
@, =0{r) asr— 0. (4.21)
In terms of @, 7, (4.7b) becomes
F,—rd, = O@?) asr—0,
and thus, by (4.21)
.= 0(@* asr-0. 4.22)
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To obtain further estimates at the axis, we return to (4.7a) and express it in terms of @:
$,, =0(r) asr— 0

Integration with respect to r leads to the conclusion that
@, =0(1) asr—0. (4.23)

Next, an order estimate for #, at the axis follows from (4.23), (3.5) and the continuity of
u, on /. Thus

Lr=0{r) asr—>0 {4.24)
Finally it is easy to prove that
¢ =0() asr—0. (4.25)

The order estimates (4.21)4.25) are all uniformin zfor0 < z < [,

Since the second of (4.17) implies that @(r, ) = constant for 0 < r < a, and since an
arbitrary constant can be added to $ without affecting the differential equations or boun-
dary conditions, we may assume that

@r,h =0, O<r<a (4.26)

We now summarize the boundary value problem in final form, dropping the tildes for
convenience. We seek functions g, , three times continuously differentiable on .#, satisfy-
ing the following differential equations and boundary conditions.

rl1—a)V¢ = (1-0)[(re,),+r0,.] = X,., on A, 4.27)
M= X+ T2z = 0, oN A, (4.28)

r=a: @, =0, 0<z<|, (4.29)

r=a: a*e,~x =0, 0<z<] (4.30)

z = | ¢ =0, 0<r<a, 4.31)

z=1I: @, =0, 0<r<aq 4.32)

z=0: ¢, = G, p,=F, 0<r<a (4.33)

r—0: @, =00, @.=01, x=00 x=00) @=001), @434

uniformly in z for 0 < z < L The functions F and G are defined in (4.19), (4.20).

The order conditions (4.34) at r = 0 are sufficient to assure that the solution y of (4.28)
is infinitely differentiable in r and z on the z-axis. (See [10].) It may therefore be assumed
that y is infinitely differentiable for 0 < r < a, 0 < z < I. This differentiability in turn
implies that the solution ¢ of (4.27) is infinitely differentiable for 0<r<q, 0 <z < L
(See p. 345 of [11].)

Assuming the existence of a solution to the boundary value problem posed above, we
now derive a “‘conservation property” of the solution. Integrating (4.27) with respect to r
from r = 0 to r = a for fixed z and using (4.29) and (4.34), we find that

(1-0) f:npu(r, 2)dr = z.a, 2).
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Using (4.30) we may write this in the form
2

d a

—| (1 —O')f ro(r, z)dr—a’pla,z) [ = 0. (4.35)
dz o

Integrating with respect to z and using (4.32), (4.31) we find

(1—0) fa ro(r,z)dr—a’pla,z) = 0, 0<z<l 4.36)1
4]

5. STRAIN ENERGY AND ITS REPRESENTATION

Under the prevailing conditions of axisymmetry, the strain energy U({) contained in
that portion of the cylinder for which { < z < [ is given by

i
U{) = 21:f 'rW(t)rdrdz, 0<i<l] {5.1)
L Yo
where
1 o
W(t) = Z};[Tzr + ng + ng + 2T3&! - m(rrr + Too + 122)2] . (52)

An alternate formula for U({) is supplied by the work-energy relation which states that
2U(() is equal to the work done on the subcylinder for which { < z < I by the surface
tractions acting on the boundary. Thus

2U(Q) = —2n Jm [T, Quaplr, O+ 722, Qu(r, Olr dr. (5.3)
0

To obtain a representation for U{{) in terms of the stress functions ¢ and y, we proceed
from {5.3) as follows. From (3.5), (3.8) and (3.9),

“ 1
U(Z) = - é% J.() [(prz(r(pr" Xz) + (r(‘or)r (; Xr— (Pz):l drs (54)

where the derivatives of ¢ and y in the integrand are evaluated at r, z. From (5.4) it follows
that

2 “ 1
- ;,u U’(Z) = f [(Przz(rq)r - Xz) + %z("@r: - x::) + (?’@n)r(; Xr— (Pz)
1]
(5.5)

1
+ (r(pr)r(;:sz - (pzz) ] dra

t By differentiating (4.36) and setting z = 0, it is possible to show that the constant ¢s —~ ¢, appearing in (4.19)

is given by
a 1—or?
Cy—Cy = jo {l+l—:;~; ;)g(r)dr.
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where the prime indicates differentiation with respect to z. Suitable integrations by parts

then yield
2 r=a 1 r=a
~2U) = [fpu(rcp, - xz)] + [rrp,z (— X wz)]
n r=0 r r=0

+ J‘ {(pzz[;{rz - (r(Pr)r] + (Prz(r(prz - Xzz) (56)

0

i 1 )
+ rp,, [(prz - (;Xr) ] +(r@r)r(;1rz —-‘;Dzz)} dr.

Those terms in (5.6} which involve boundary values of derivatives of ¢ and y may be
simplified with the aid of the boundary conditions (4.29), (4.30) and (4.34). After such a
simplification and a rearrangement of the integrand, (5.6) furnishes

2
~2U() = ~a’pfa2)

a . (5.7
+ f [:szvz@ +2r{p3z——¢rz(x”—;1r+x:z) ’2("‘;01'):‘@22](1"'
4]
The differential equations (4.27), (4.28), together with (5.7), then imply
2 a
LU = —atkia )+ | [1-oW(VeP +20-2rp)0.ddr (58)
0
Since U(l) = 0, integration of (5.8) gives
']
Zvo - | {—a%pfz(a, 2)
¢ (5.9)

“ 1
+J. [(1 - G—)r@fz + (1 - 6); (7'(;0,.)3 + 2r¢fz - 26(r(pr)r(pzz:l dr} dZ,

0

for any { between O and L
The expression (5.9) does not involve the stress function y; apart from the boundary
term —a%p2(a, z), (5.9) is analogous to the corresponding formula in plane strain.}

6. AN AUXILIARY QUADRATIC FUNCTIONAL

For our ultimate purposes, it is more convenient to use a quadratic functional similar
to, but simpler than, the strain energy U(() discussed in the preceding section. Define

V() by
2p
) = £

for 0 < { < . Reference to (5.9) shows that when ¢ = 0, U({) = V({); we shall examine
the relation between U and V for non-zero values of Poisson’s ratio later in this section.

] a
{ —a*pl(a, z)+(1—0) f [ﬂpfz +2ro}, +—i(r¢r)3] dr }dz, (6.1)
[o]

tFor ¢ = 0, (5.9) may be compared with (3.1) of [31.
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To simplify the notation and to make clear the analogy between the subsequent argu-
ment in the present paper and that given in [3] for plane strain, it is useful to introduce a
suitable scalar product for functions continuous on the interval 0 < r < 4. For any two
such functions fand g, define

(fig) = —a¥f(@)gla)+(1—o) f 1 (g(r) dr. 6.2)
0

In view of (4.36), the stress function ¢ satisfies the condition
@D)=0 O0<:z<l 6.3y

In general, the inequality (f,f) = 0 will not hold for an arbitrary continuous function f.
We will make use of the following alternative sufficient conditions for the positivity of
(f.):
(a) If fis continuous on [0, a] and f(a) = 0, then (f,f) > 0, with strict inequality hold-
ing unless f* = 0.
(b) If f is continuous on [0,a] and (f, 1) = 0, then (/f,f) = 0, with strict inequality
holding unless f = 0.
The result in (a) is immediate from (6.2) with f = g. The proof of (b) involves a straight-
forward application of the Schwarz inequality to the integral appearing in the definition
of (£, f) and depends on the fact that ¢ < 1.
In terms of the scalar product (6.2), (6.1) can be written in the form

2 ! a1
—:V(C) =f [(wwwzz)+2(<p,z,<p,z)+(l-a)f ;(Npr)f er dz. (6.4)
4

0
Since (6.3) implies that
(@0,,1) =(0,,, D=0, 0<z<] (6.5)

and since ¢@,, vanishes at r = a, it may be concluded that each of the three terms in the
integrand of (6.4) is nonnegative.

In the following section we shall derive an exponential decay formula for V(z). To
carry out this derivation, and to show that such an exponential decay law can in turn be
used to estimate U(z), we require the following three properties of V.

2 a1
i) EV() = (0o 02~ 20,2, 00)~ (1~0) f Loz dr, (6.6)
T 0 r
2 !
(i) 2 [ VO = 000~ 0.0.0+ 0,00, ©7)
Gii) 0 < (1—£|—) V(z) < Ulz) < (1+ﬂ Wz) (6.8)
1—-¢ l—0o

(6.6), (6.7)and (6.8) hold for 0 < z < L
Property (i) follows immediately from (6.4) upon differentiation with respect to .
To establish property (i), we proceed from (6.6). Using primes to indicate differentiation

t To avoid excessively cumbersome formulas, we do not explicitly indicate that (f, g} depends on z when f
and g are functions of z as well as r.
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with respect to z, we have

((Pzz s (Pzz) = ((pz s (Pzz)/ - ((pz » (pzzz)
= %((pz s (pz)" - ((P’ (pzzz)’ + ((p’ (pzzzz)

/ (6.9)
= %(@z > (pz)ﬂ - ((P’ (pzz)” + ((p: s (pzz) + ((,0, (pzzzz)
= ((pz P (Pz)// - ((pa (pzz)” + ((p’ (pzzzz)
Next,
((prz’ ®,;) = (o, (prz)’ —(@., 0.2,)
= %((pr’ (pr)" _(1 - G)J rQ,. Q. dr
1]
= 400 +1=0) | 000, dr (6.10)
0
Substituting (6.9) and (6.10) into (6.6), we find
24, p
? 14 (Z) = - [((Pz s (pz) - ((P, (pzz) + ((pr’ (pr)]
a aQ 1
(.00 -21-0) [ plrodr—1=0) [ Log)zar 6.11)
0 0

Integration by parts and the differential equations and boundary conditions satisfied by
@, x can be used to show that

1.

. ay +
2(1 - 0) J‘ (P(r(przz)r dr +(1 - O-) f ;(r(pr)f dr = — ((P, (pzzzz)’
0 (o]
so that (6.11) becomes
2u ., "
? Vv (Z) = - [((pz’ (pz)_((p’ zz)+((pr’ (pr)] . (612)

Integrating twice and using V({l) = ¢(r, ) = @,(r,1) = @(r,]) = 0, we find

2 )
e f V(D) dz = (@20 02— (0, 0.+ (00, 0,) (6.13)
T Jr

which is precisely (6.7).

The inequalities (6.8) show that an upper bound for either of the two functionals U(z),
V(z) supplies an upper bound for the other. To prove (6.8), we first observe that (5.8) can
be written in the form

2 2 | “
_—# UI(Z) = ((pzz’ ¢zz)+¢'(¢rza (prz)+(1 - O-) f —(r(Pr)rz dr—2¢ J (r(pr)r(pzz dra (614)
n l—o ol o
so that, with the aid of (6.6),
2 2
~Hue+Pvie) =
n n

é((prz ’ (prz) —20 J;) (r(pr)r(pzz dr.
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Next, set
I= (i“U)J‘ (npr)r@zz dl‘. (615)
0

Then

2 2
_#’L[z(go,z,@”)_yz;m < U+ ve) < .. e+ 21 616
—-q 7 e l—o

It remains to estimate |I}. To this end, define ¢ through
@2.0r, 2) = @_.la, 2)+lr, 2). 6.17)

Since @,{a, z) = 0, (6.15) can be written as

I =(-0) fa (ro ) dr. (6.18)

0

Because of the inequality |xy| < ¥{x?+ y?), (6.18) implies

msa=a | Heerviar < S0 Lo a3t e @19)

From (6.17) and the second of (6.5}, it follows easily that

a l+o
(1 —'a)f rlllz dr = ((pzzv (pzz)“ 3 az(pzzz(a’ Z) < ((pzz’ (Pzz)v
0

so that (6.19) implies

1—0 @1

I” = T -(r(pr)g dr+%((pzzs quz)' (6'20)
ol

From (6.20), it follows with the aid of (6.6) that

“1 2
2((prz’ (PI'Z)+ 2II' S 2((p1‘2’ (PI‘Z)+(1 - a) J ;(r(pr)f dr+((PZZ’ (PZ‘Z) = *7[!:{ V’(Z)' (6'21)
0

Substitution from (6.21) into (6.16) gives
2 2
_ el [.._Ji V'(z)} < Hupstve < [—-3’5 V’(z)],
-0 i n i I—0o n
from which
|ol

(lwlji)[.. Vi) < —Ufz) < (1+-———)[—V'(Z}]‘
—0 l—¢

Integration from z to /, together with V() = U(l) = 0, finally furnishes

(1— o )V(z) < Uz < (1+ "’—) V(z). (6.22)

-0 {—g

Since ¢ < 1 implies 1 —|oj(1—0)™ ! > 0, the proof of (6.8) is complete.
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7. ENERGY DECAY ESTIMATES

Properties (i) and (ii) of V(z), as expressed by (6.6) and (6.7), are strictly analogous to
the corresponding formulas derived in [3] for the case of plane strain.t It is therefore
natural to expect that an argument similar to that used in [3] can be applied here to derive
an exponential decay inequality for ¥(z). In the present section we shall show that

Viz) < 2V{(0) exp(—2kz), a.n

where the decay constant k is characterized as a root of a certain transcendental equation
involving Bessel functions. From the two inequalities in (6.8), it then follows immediately
that the strain energy U(z) satisfies

—o+lo]

vta) < 2( =

)U(O) exp{—2kz}, 0<zgl (7.2)

We turn now to the proof of (7.1), which we carry out in two steps.
First, let k be an arbitrary positive constant and define S by

i
S(z) = V(z)+2kj V() dL, 0<:zxl (7.3)
Then, using (7.3), (6.6) and (6.7)

!
S(2)+2kS(z) = V'(z)+4k? f | 4(9]:14

T “1
300020+ 201, 0,0 +(1=0) [ St dr

—4k¥ ., 9.)+4k (9, 9..)— 4k, 0,)} > (7.4)

“1
= _; {((pzz+2k2(P5 (pzz-'-zk2 f - r(pr r
u 0

ﬁ

—4k*(@,, @) — 4k (@, 0)
+ z(quz » (Prz) - 4}(2(@2 s (pz)}

J

Since ¢ and ¢,, respectively satisfy (6.3) and the second of (6.5), the linear combination
@,.+2k*@ satisfies (@,, +2k*p, 1) = 0, and therefore

(. +2k%0, .. +2k*p) 2 0, (7.5)
so that (7.4) implies

aq
S'(z2)+2kS(z) < — 2% {(1 —~0) fo -;(rwr)f dr—4k¥e,, ¢,)

. , (7.6)
- 4k ((P’ (P)‘+“ 2((prz ) q)rz) —4k ((Pz [ (Pz) .

tWith a suitable redefinition of the scalar product appearing in (6.7), this equation becomes identical with
equation (3.9) of [3].
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To determine a positive value of k that makes the right side of (7.6) non-positive, we make
use of the following two lemmas concerning eigenvalue problems.
LEMMA 1. Let i be continuously differentiable on [0, al, and suppose that

Ya)=0, Y(r)=00?,  Ylr)=0@), asr—0.

Then
Jm rrlyzdr > 4 fﬂ rm W2 dr, (7.7
0 0
where A is the smallest eigenvalue of the problem
r" W), +Ar W =0 on0<r<a, (7.8)
=00 asr—0, Yla)=0. (7.9)

LeEMMA I1. Let 0 be continuously differentiable on [0, a], and suppose that (6,1) = 0.
Then

J r6? dr > Ay(6, 0), (7.10)
0
where Ay is the smallest positive eigenvalue of the problem
r8,),+(1=a)ird =0 on0<r<a, (7.11)
Ba)+rabla) =0, B(r)=0(Q1) asr—0. (7.12)

These lemmas are analogous to results employed in [1], [3], [4].
We apply (7.7) and (7.10) repeatedly in (7.6) as follows. In Lemma I, choose ¢ = ro,
to conclude that

a l a 1
(1=0) [ 2002 dr > (-0 [ 02 dr = bio.. ). .13
0 0
Since (¢,, 1) = 0, the choice § = ¢, in Lemma 11 is permissible, and it may be concluded
that

a

@ 9) = (1—0) f ro2 dr > (1— 002 .). (7.14)
1)

Furthermore (¢, 1) = 0 so that Lemma II with § = ¢ may be used to show that

(@09 = (1—0) f ro2 dr > (1—6)n(@r ) (7.15)
0
From (7.13), (7.14) and (7.6)

§'(2)+2kS(z) < —i’i{u,—w)(w,, 0,)— 4k, )
# (7.16)
+ [2(1 - O')/l“ - 4k2] ((pz’ q)z)}

t Lemmas I and 1] may be established by appropriate adaptations of Jacobi’s method of multiplicative varia-
tion. See [12], pp. 458-459.
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If k is now required to satisfy
—4k? > 0, (7.17
(7.15) may be used in (7.16) to obtain

S(2)+2kS(z) < —57%{(/11-41(2)(1—G)iu*-‘*k“} (@, @)+ [2(1 = o)Ay — 4k, @)} (7.18)

If k is further restricted so that
(A—4kH) (1 — o)Ay —4k* > 0, (7.19)
2l —a)iy—4k* = 0, (7.20)
(7.18) becomes
S'(z)+2kS(z) < 0O,
from which
8(z) < S(0) exp(— 2kz). (7.2

The polynomial in k appearing in (7.19) is monotone decreasing in k for k > 0 and has
one positive root k* given by

k* = {%[\/{(1“0)2'{ +(1=0)Ady} — (1 —a)Ay]} . (7.22)

The largest value of k satisfying the three restrictions (7.17), (7.19) and (7.20) is given by

k=m (\/’]“ \/ [(i“zi)@}k*) (7.23)

It is easy to show from (7.22) that k* < §./4,, so that (7.23) may be replaced by

k = min( \/ [(1 2"”“] k*). (7.24)

Direct calculation also shows that (7.24) may be written in the form

232 (1 —-(1— 3
[\/{(1 0)13+(1 25),1,/1"} i “Vﬂ] if 4, < 3(1—o)iy

\/ [.____“ "2"”"] if 4 > 3(1— o)y

Thus the exponential decay inequality (7.21), with k given by (7.25), has been established
for S(z).

The second step in the proof consists in showing that (7.21) implies (7.1). This portion
of the argument is identical with the corresponding one employed in [3]. From (7.3),
(7.21) it follows that

(7.25)

V{z) < S(z) < S(O) exp(—2kz), {7.26)
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so that it 1s only necessary to estimate S(0). Upon inserting (7.3) into (7.21), it is found
that

1
e [0 < soe (7.27)

Integration from z = 0 to z = [ yields
: S(O) — 4kl 1 : — 4kl
f VO dl < —(1—-e *)=—— V(O)+2kj V(z)dz | (1 —e™%*). (7.28)
0 4k 4k 0

When this inequality is solved for the integral of V, it is found that

2% ﬂ V(z)dz < T;—Z:—:;V(O) < V(0). (7.29)
Together, (7.29) and (7.3) show that
S(0) < 2¥(0),
so (7.26) furnishes
V(z) < 2V(0) exp(— 2kz).

This completes the derivation of (7.1).

8. STRESS ESTIMATES

At an interior point (r, 6, z) of the cylinder the stress components may be estimated
in terms of the strain energy by methods based on mean value theorems of the theory of
elasticity, [1], [2], [3], [4]. Let 7 stand for any one of the four nonvanishing cylindrical
components of the stress tensor t. It is knownt that

Jt(r, 2)] < Klé_%\/[U(z—é)], O0<r<a O<z<l (8.1)

where § is the distance from the point (r, 6, z) to the boundary of the cylinder, and K is
a constant depending on x and o.

Roseman [2] has shown that an interior estimate of the type (8.1) may be replaced by
an estimate valid up to the boundary of the cylinder. His result, which is valid for a cylinder
whose cross-section is bounded by a sufficiently smooth simple closed curve, makes it
possible to assert that, in the present case,

|(r, 2)| < Kza"}\/[U(z—a/Z)], O<r<a a<z<l, (8.2)

where a is the radius of the cylinder and K, is a constant depending on the properties of

the material.
Either of the inequalities (8.1) or (8.2), together with (7.2), shows that the stresses satisfy

an inequality of the type
|t(r, z)] < K exp(—kz), (8.3)

t See Lemma 2 and equation (4.15) of [4].
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where K is a constant and k is given by (7.25). Thus k provides a lower bound for the rate
of exponential decay of stresses away from the loaded end of the cylinder. Since our
interest here is mainly directed toward this rate of decay, we do not discuss the explicit
determination of the constants K; and K, appearing in (8.1) and (8.2), respectivelyt.

The total energy U(0) appearing in (7.2) can be estimated by the application of an
appropriate minimum principle, but we shall not carry out such a calculation here. Such
estimates have been obtained in similar contexts in [3] and [4]. A different type of upper
bound for the total strain energy for a cylinder of square cross-section has been con-
structed by Dou [13].

9. THE DECAY CONSTANT
The eigenvalue 4, of the problem represented by (7.8), (7.9) is given by
iy = s¥/a? ©.1)
where s is the smallest positive root of
Ji(s) =0, (9.2)

and J, denotes the Bessel function of order n. From the eigenvalue problem (7.11), {7.12),
Ay is determined as

g = 12/a?, 9.3)
where ¢ is the smallest positive root of
—J =) [J1 =)+ tJo[J(1—0o)] = 0. 941

Once 4; and 4, are determined, the decay rate k is computed in accordance with (7.25).

In [6], Horvay and Mirabal consider a semi-infinite circular cylinder under axisym-
metric self-equilibrated end loads. Their analysis is based on a variational approxima-
tion, and it permits the approximate calculation of the rate of decay of stresses with what
would appear to be substantial accuracy. In Table 1, numerical values of the decay rate
obtained by these authors are compared with values of ak, with k computed from (7.25).

TaBLE |. DECAY CONSTANT & FOR VARIOUS VALUES OF POISSON'S RATIO

Poisson’s ak, with k (decay constant) xa, from
ratio, o computed from (7.25) Horvay and Mirabal [6]
0 i3 2:5*
3% i-4 2-7*§
70 14 2-7F

* Estimated from Fig. 2 of [6].

T Given to four decimal places in equation (8a) of [6].

1 Given to three decimal places in equation {40b) of [6].
§ See also Table 9, p. 395, of [7].

+ K, is given explicitly in [4].
1 Roots of (9.4) were obtained with the aid of the tables in [14].
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From the table it is observed that k is small by a factor of about one-half when compared
with the results of Horvay and Mirabal, whose estimates in turn probably agree with
the exact values to the first decimal place.
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AbBcTpakT-—VICIONR3yIOTCS METONb! 3aK/TIOYAIOUINE HEPABEHCTBA 3aTYXAHHA 3HEPIHM ANA ONpeae/ieHus
XpaeBoit 330344 KPYTfioro ynpyroro uuaunapa. [onyyaorcs B ABHOM BUIE HHXKHBIC NIPEAETBI B BRIPAKCHUAX
ko3hduumenrta Tlyaccona U CKOPOCTH 3KCIIOTEHLMANbHOTO 3aTyxaHus 3Hepruu. OHM CPaBHHMBAIOTCH
¢ pe3yJbTaTaMH OPYTHX ABTOPOB.



